The end state of a coalescing binary of compact objects depends strongly on the final total mass M and angular momentum J. Since gravitational radiation emission causes a slow evolution of the binary system through quasi-circular orbits down to the innermost stable one, in this paper we examine the corresponding behavior of the ratio J/M 2 which must be less than 1(G/c) or about 0.7(G/c) for the formation of a black hole or a neutron star respectively. We consider both spinless and spinning bodies and in the latter case we study the contribution of the spin precession to the evolution of J/M 2 . The results show cases for which, at the end of the inspiral phase, the conditions for black hole or neutron star formation are not satisfied.
1 Introduction.
Binary systems of compact objects like neutron stars or black holes are promising sources of gravitational radiation [1, 2] ; in fact at coalescence they emit a great amount of energy in the frequency range of LIGO and VIRGO detectors [3] . At least a half of the observable stars come in binary or multiple systems [4] and a significant fraction of these may evolve to neutron star or black hole binaries which would coalesce, due to gravitational wave emission, in a time less than the age of the Universe. Moreover, recent estimates (cf. Refs. [1] , [5] - [9] ) make us confident that a few coalescences of compact binaries per year could be seen within a distance of about 100 Mpc
The coalescence of a binary system consists of two phases. The first phase is a slow adiabatic inspiral of the orbits in which the energy and angular momentum loss are assumed to be driven only by emission of gravitational waves. The second phase is highly dynamical: interactions between the bodies involve their internal structure and full general relativistic effects must be taken into account.
In order to extract signal from noise, an extremely precise theoretical prediction is needed for the gravitational wave-form [10] . Therefore much work was recently devoted to understand the evolution of the system (cf. [10] - [17] and references therein). Yet the late-time evolution is not well
understood.
An open question concerns the body coming out of coalescence. It is well known that a stationary black hole of mass M and angular momentum J must satisfy the condition J/M 2 < 1(G/c). Also for a neutron star the ratio cJ/(GM 2 ), hereafter defined as "Kerr parameter", is less than about 0.7 (as deduced in [18] - [20] ), thus it is important to know how this ratio behaves during coalescence and to see whether a black hole or a neutron star may actually result.
In this paper we consider only the first phase with the purpose of determining the value of the Kerr parameter at the end of the inspiral phase, that is its initial value in the following phase of evolution in dynamical time.
We adopt the post-Newtonian formalism, that corresponds to a series expansion of all quantities in the parameter v/c assumed to be small. There are available in literature formulae for all physical quantities pertaining to the physical system, which are valid through second post-Newtonian relative order, i. e. including terms of order (v/c) 4 beyond the first non-zero one, and including spin effects [10] . This should be a pretty good approximation throughout the inspiral phase up to the innermost stable circular orbit (ISCO) (see Ref. [21] ).
We shall neglect properties of the gravitating bodies connected with their internal structure except their spins: no correction terms for tidal interactions will be included since they would be equivalent to post-Newtonian corrections of higher order than what here wanted (cf. Ref. [22] ). Again this approximation is less justified for compact bodies only when their separation becomes comparable to the ISCO radius.
Our calculations refer to quasi-circular orbits, for it has been proved ( [23, 12] ) that all compact binaries have time enough to evolve towards quasicircular orbits before coalescence, except those that are captured at near separations in highly eccentric orbits.
In Section 2 we consider the case of non-spinning bodies and examine the behavior of the corresponding Kerr parameter. In Section 3 this analysis is extended to spinning bodies; in this case however it is essential to take into account the time evolution of the relative orientations of the orbital and intrinsic angular momenta. This is done in Section 3.1 and the results are shown in Section 3.2. Because of their importance, we devote Section 4 to a study of the precession equations and provide analytical solutions for particular cases. Our conclusions are in Section 5.
Conventions and units.
Although we use the SI unit system with the known values for the speed of light in vacuo c and the gravitational constant G, we shall always make an effort to work with dimensionless physically meaningful variables.
As usual in most related literature, we refer to a system of coordinates that satisfy the harmonic condition and whose center of mass is fixed by the "spin supplementary conditions" as in Refs. [10, 17] .
We shall denote the "Schwarzschild masses" [11] of the two bodies by m 1 and m 2 , their sum by m = m 1 + m 2 and the system's reduced mass by µ = m 1 m 2 m 1 +m 2 then set η = µ/m. Following Ref. [15] we define X 1 = m 1 /m, X 2 = m 2 /m and notice that, since X 1 + X 2 = 1 and X 1 X 2 = η, X 1 and X 2 are functions of η only: namely,
Moreover let x = x 1 −x 2 be the separation vector between the two bodies in the chosen coordinate frame, r = |x|, v = dx dt , ρ = c 2
Since η ranges between 0 and 1/4, the latter corresponding to a system of two bodies with equal masses, any deviation from equipartition of masses in the binary system would decrease the Kerr parameter.
Plots of cJ/(GM 2 ) as a function of ρ according to (2) are shown in Fig.  1 . Figure 2 is a contour plot of cJ/(GM 2 ) in the (ρ-η) plane.
The approximation S 1 = S 2 = 0 is good for the description of systems consisting of two slowly spinning neutron stars, since the common values of their Kerr parameters are less or much less than 10 −2 (cf. [25] ). We notice that any process of slow energy and angular momentum dissipation that keeps the system in quasi-circular orbits decreases the Kerr parameter below unity just at the limit of validity of our approach (ρ ≈ 6). At this separation the conditions for the formation of a stationary rotating neutron star are hardly met; firstly because J/M 2 < 0.7(G/c) holds only if η is less than about 0.2, which corresponds to a more massive body about 2.6 times as large as the other, and this is not the case for a system consisting initially of neutron stars, secondly because the total mass M must be less than the limiting mass of neutron stars. Thus we conclude from an inspection of Fig.  2 that, since the most probable case for a neutron star binary is that they have nearly equal masses, the outcome of a final coalescence could be either a fast rotating black hole or a highly rotationally-excited neutron star.
Spinning bodies.
Most celestial bodies have spin, therefore it is interesting to study how intrinsic rotation would affect the evolution of the Kerr parameter for coalescing binaries.
As in the previous case, we shall confine ourselves to post-Newtonian corrections of order γ 2 at most. Since spin-orbit and spin-spin interaction terms will affect the total mass only at order equal to or higher than γ 5/2 , inclusion of spin will not change the expression (1) of the total mass. On the other hand, the post-Newtonian corrections to the angular momentum will include the effects of the spin already at order γ 3/2 . With the assumption of a slow precession of the orbital angular momentum and spins around the total angular momentum, which is valid as long as γ ≪ 1 (as proved in Ref. [10] ), we may take the equation for J averaged over one orbit from Ref. [10] and rewrite it with our notations as
(3) We now calculate the square power of J/M 2 from (3) and (1) and obtain c G
where:
We shall deal with (4) rather than try to deduce a post-Newtonian expression for J/M 2 as a truncated series, because deciding which term in (4) is the leading one depends on the choice of the parameters η, χ 1 and χ 2 and on the relative orientations ofL N , σ 1 and σ 2 . As a matter of fact, if we focus on the first few terms in equation (4), we can write
and notice that the Kerr parameter for spinning bodies depends mainly on the variables of the vector ηρ 1/2 (1 + 2γ)L N + σ 1 + σ 2 (that is the first post-Newtonian form of J in units of Gm 2 /c) which determine the relative weight of the leading terms in expression (4) . For example, if χ 1 = χ 2 = 1 and η = 1/7 (which corresponds to a more massive body about five times as large as the other), A 2 γ is of the same order of magnitude as A 0 already at values of ρ ≈ 50 and greater at shorter separations. Let us remark that this does not imply that the second post-Newtonian formula (4) is no longer valid at ρ ≈ 50, because the parameter of development of the post-Newtonian series is γ which does not depend on η, σ 1 and σ 2 . We just point out that calculating J/M 2 needs care.
As expected and already noticed, expression (4) depends on the relative orientations of the orbital and intrinsic angular momenta of the coalescing bodies, namely on the quantitiesL N ·σ 1 ,L N ·σ 2 and σ 1 ·σ 2 , that are functions of the coordinate time t through r. Their importance to the secular growth of the gravitational wave phase was discussed in Refs. [10, 26, 14] ; in the next subsection we study the behavior of the spin precession during coalescence to perform an analysis of (4).
Effects of spin precession.
Here we shall make the following two assumptions: first that the spins precess while keeping constant absolute values and that the gravitational radiation emission only affects the orbital angular momentum L ( [14, 10] ); second that the precession frequency is much less that the orbital frequency. As analyzed in Ref. [10] the ratio of the precession frequency to the orbital frequency goes as γ.
We are interested in the dependence on r of the scalar products between any pair of the three vectorsL N , σ 1 , σ 2 . We put together the equations for the orbital angular momentum, separation evolution and spin precession (from Ref. [10] ) averaged over one orbit to lowest order and have:
Combining the above equations and rewriting the result in terms of dimensionless quantities we obtain:
Expanding the quantity [L N × (σ 1 × σ 2 )] 2 first according to the general rule for a × (b × c), then according to that for (a × b) · (c × d), we get an equation to close system (7):
(8) System (7) contains nonlinear differential equations whose solutions have an oscillatory behavior. In order to avoid that a numerical integration stops whenL N · σ 1 × σ 2 first reaches 0, we differentiate also equation (8) and substitute it with the following:
We have solved the system of equations (7), (9) numerically for a few choices of the parameters χ 1 , χ 2 , X 1 /X 2 and of the initial values.
As an example we plot the evolution ofL N ·σ 1 ,L N ·σ 2 , σ 1 ·σ 2 from ρ = 75 to ρ = 6 for a system with m 2 = 0.13m 1 with the following choice of initial values:
corresponding to the case examined in Fig. 18 of Ref. [14] . Figures 3a to 3d show that the behavior of the relative orientations amongL N , σ 1 and σ 2 is not simply predictable and that even the average values of the oscillating functions evolve.
The complicated precession equations do not allow us to infer on the binary evolution; therefore we have judged interesting to find analytical solutions which, although limited to particular cases, do enlighten the role of spin precession during coalescence. This will be done in Section 4.
Results.
Once the evolution ofL N · σ 1 ,L N · σ 2 , σ 1 · σ 2 is known, we can deduce the behavior of the Kerr parameter from (4) and (5) . Plots of this quantity for different mass ratios and χ 1 = χ 2 = 1 are shown in Figs. 4 (solid lines) and compared to the corresponding spinless case (dashed lines).
As expected, positive orientation of the individual spins with the orbital angular momentum keeps the value of J/M 2 larger than 1(G/c) over the entire inspiral phase (Fig. 4a ). When one body is much more massive than the other and its spin is initially positively oriented with the orbital angular momentum, then it contributes to keep the Kerr parameter larger than 1 even if the companion's spin is negatively oriented, as shown in Fig. 4b . When both spins are negatively oriented with respect to the orbital angular momentum, then the Kerr parameter is rather low at least initially. But despite the loss of orbital angular momentum and even when this has been completely radiated away, the intrinsic spins contribute to the Kerr parameter, slowing down its decrease, as shown in Fig. 4c , or even increasing it considerably as shown in Fig. 4d , which corresponds to a case of transitional precession (cf. Ref. [14] ).
Only with very special choices of the parameters and initial conditions we have been able to meet situations where the Kerr parameter decreases almost to zero at the end of the inspiral phase -an example of this is shown in Fig. 5 , where the apparent flattening of the curve at ρ ≈ 6 is uncertain since the approximation there reaches its limit of validity. We then conclude that the formation of a Schwarzschild black hole, as result of coalescence of a compact binary, is a rare event.
The dynamics of inspiralling bodies and of their angular momenta, as described by the above formulae, can be applied without modifications to massive black holes. We can infer from our analysis that the end of the inspiral phase of coalescence of two black holes in the center of an active galactic nucleus is most likely characterized by conditions which are compatible with the formation of a fast rotating black hole.
In order to better understand the dependence of J/M 2 onL N ·ŝ 1 ,L N ·ŝ 2 , s 1 ·ŝ 2 , and the parameters η, χ 1 , χ 2 , we have computed the probability density function of cJ/(GM 2 ) at ρ = 6 by the Monte Carlo method. The probabilities of m 1 and m 2 were assumed uniformly distributed over an interval ranging from 1.2 to 1.6 (the scale does not matter) and the orientations of L N ,ŝ 1 ,ŝ 2 were taken at random, with uniform probability, among all directions of space. χ 1 and χ 2 were also taken at random but with a probability distribution uniform in log χ and ranging from 7.96 × 10 −5 (corresponding to the period of PSR J1951+1123, that is the largest known pulsar period, cf. Ref.
[27]) to 0.7 (corresponding to about the highest value for rotational stability). The result is the extremely peaked function plotted in Fig. 6 . It has an average equal to 0.86 with standard deviation 2.94 × 10 −2 , coefficient of skewness +7.67 and coefficient of excess (a measure of how peaked a probability density function is with respect to a normal distribution, cf. Ref.
[28]) equal to +6.93. A normal distribution with same average and deviation is plotted (dashed line) over a restricted range (excluding the tails) for comparison.
Analytical solutions of the precession equations.
A better insight in the behavior of the vectorsL N , σ 1 , σ 2 during coalescence is ensured by analytical solutions to the system of differential equations (7), (8) . Because of the complexity of the problem, we have been able to obtain only approximate solutions for particular cases. We have judged this analytical study useful because it applies also to the calculation of the gravitational wave-form (cf. Ref. [26] ).
Preliminary considerations.
By elimination ofL N · σ 1 × σ 2 from (7) we find two relations that do not involveL N · σ 1 × σ 2 , namely:
Equations (10) are of the form dψ dρ + ρ −1/2 dϕ dρ = 0, hence an integration by parts yields ψ + ρ −1/2 ϕ + 1 2 ρ ρ −3/2 ϕ(ρ) dρ = 0, and since ϕ is in all cases at most of the order of unity, then for ρ ≫ 1, this last equation leads to approximate first integrals in the following form:
In order to deal with quantities which have manifestly the same order of magnitude, we find it convenient to rewrite system (7)-(8) in terms of the variables f , g, h and V :
dg dρ = 15 128
Let us denote the initial values of f , g, h and ρ by f 0 , g 0 , h 0 and ρ 0 respectively and the initial value ofL N ·ŝ 1 ×ŝ 2 , with its sign, by V 0 . Moreover we shall denote the initial value of the right-hand side of equation (9) by
One spinning body.
In the very special case where S 1 = 0 or S 2 = 0 exactly, we havê
trivially from (6).
Equal masses.
Let X 1 = X 2 and thus η = 1/4. Then the first term in the right-hand side of equation (13) vanishes. Moreover from equations (10) we obtain the following first integral exactly (in the sense that it is a necessary consequence of (10), with no need for any further approximation):
On the other hand, if ρ ≫ 1, we can neglect the terms containing ρ −1/2 in the right-hand sides of equations (11) and (12) and take either equation in (10) (but not both) to give an approximate first integral as (cf. formula 46 in Ref. [14] )
Summing up, we can approximate the system (11)-(14) with the following autonomous differential system:
whose integral lines in the (f , g, h) space are arcs of parabolas given by the following conditions
We can set a new parameter u as
and write f and g as follows
Substituting (18) into (15) and both (15) and (18) repeatedly into (17), we can finally reduce system (17) to quadrature:
involves an elliptic integral of the first kind, so that u can be expressed in terms of the Jacobian elliptic functions (cf. p. 596 of Ref.
[29]). Let us remark that the period of the oscillations is inversely proportional to χ 2 1 + χ 2 2 and that the turning points of u, i. e. the zeros of V (u), are given by the intersection in the (u − h) plane of the parabola
Let us finally observe that the approximation condition X 1 = X 2 may in practice be replaced by the condition |X 1 − X 2 |ρ 1/2 ≪ min{χ 1 , χ 2 } sufficient for the first term in (13) to be negligible.
Examples.
1. χ 1 = χ 2 = χ = 0.
We have from (19) : (20) can be integrated now by direct application of one of the formulae at p. 596 of Ref.
[29], the selection of which depending on the signs of the quantities a − 5 8 u 2 * ± √ ∆. For example, if we suppose that u * = 0, that is f 0 = g 0 , then a + √ ∆ ≥ 0 and a − √ ∆ ≤ 0. The solution is then [29]; from now on K is the complete elliptic integral of the first kind). As ρ varies, u(ρ) oscillates with a period
The analytic expressions (21), (22) and (23) show the dependence on the initial conditions f 0 , g 0 , h 0 explicitly. Let us notice that the amplitude of oscillations does not depend on χ, in this case.
A plot of f (ρ), g(ρ), h(ρ) and V (ρ), together with the numerical solution of equations (11) In this case we notice that, close to the last stable orbit, the agreement between analytical and numerical calculations becomes slightly less satisfactory. In Fig. 8 we show the plot of the corresponding Kerr parameter (dots).
2. χ 1 /χ 2 → 0.
We have from (18) and (15) that f = f 0 + u, g = g 0 and h = h 0 − 1 2 g 0 u.
Therefore the equation du dρ = − 15 64 χ 2 V (u) is easily integrated and yields
where sin ϕ = bu * /a.
The period of the oscillations of u for changes in the argument ρ is given by
in perfect agreement with formula (B25) in Ref. [26] .
3. f 0 = g 0 = 0.
From (19) we have
where we have defined the following constants: Γ = χ 1 χ 2
(27) as ρ varies, u oscillates with a period
The analytic expressions (26) , (27) and (28) show the dependence on χ 1 and χ 2 explicitly. Both the amplitude and the period of oscillations depend on χ 1 and χ 2 in this case, but the amplitude depends only on Γ and not on χ 2 1 + χ 2 2 , that is only on the relative weights of χ 1 and χ 2 and not on their scale. This is true also for other choices of the initial values, as we can readily see from equations (19) and (20) noticing that V 2 (u) is a homogeneous function of χ 1 and χ 2 with degree zero and that the amplitude of oscillations is determined only by the right-hand side of equation (20) .
Let us remark that in the limit χ 1 ≪ χ 2 we find for equations (27) and (28) the same expressions given in the example 2 by formulae (24) and (25) with f 0 = g 0 = 0, as is easily seen when we notice that, if χ 1 ≪ χ 2 , then Γ ∼ χ 1 /χ 2 , a 2 ∼ 4χ 2 2 /(5χ 2 1 ), b 2 ∼ 1 − h 2 0 , and that lim y→0 sd(v|y) = sin(v).
We plot in Figs. 9 the analytical solutions (solid line) and the numerical solutions (dots) for f (ρ), g(ρ), h(ρ) and V (ρ), with the chosen values χ 1 = 10 −3 , χ 2 = 1, f 0 = g 0 = h 0 = 0 and ρ 0 = 250.
As we see, the agreement between the analytical and the numerical curves is striking. In Fig. 10 we plot J/M 2 for this case and we see that its behavior is almost indistinguishable from the spinless case.
Very different masses at large separations.
By differentiating (14) twice with respect to ρ and making repeated use of equations (11)-(13), we obtain d 2 V dρ 2 = F (f, g, h, ρ) where F is an algebraic function, whose leading term is much greater than all others if |X 1 − X 2 |ρ 1/2 ≫ 1. If so this equation can be approximated by one that reads
and whose solution is
where Ai and Bi are the Airy functions (fully described in Ref. [30] and §10.4 of Ref.
[29]), Ω = 15 128 |X 1 −X 2 | η , C 1 and C 2 are integration constants such that
.
We then get, by truncating (11)- (13) to the lowest order terms in ρ, the following approximate solutions:
where V (ρ) is given by (29).
For the evaluation of (30) we need to know the functions y Ai (−y) dy and y Bi (−y) dy which are tabulated in table 10.12 of Ref. [29] . Instead of using exact analytical expressions for y Ai (−y) dy, y Bi (−y) dy, y y 1/2 Ai (−y) dy and y y 1/2 Bi (−y) dy which can be given in terms of the generalized hypergeometric function 1 F 2 and the modified Struve function (cf. Ref. [31] ), we find it easier to use the asymptotic expansions given by formulae ( .
If X 1 = X 2 , the condition |X 1 − X 2 |ρ 1/2 ≫ 1 for the validity of the approximation can always apply at sufficiently large values of ρ, but the agreement becomes increasingly poorer as ρ decreases. In fact, at short separations the solution given by equations (30) fails to predict both the period and the amplitude of oscillations to a sufficient degree of accuracy. Nevertheless this solution is worth being considered because it is very simple and approximately describes the behavior of the system in a large variety of cases.
Conclusions.
Neglecting finite size effects we push the relative separation of the two bodies to a minimum value of roughly 6Gm/c 2 where the system meets the innermost stable orbit and therefore becomes dynamically unstable. In the cases shown in Figs. 1, 4a and 4b the Kerr parameter remains larger than unity (an instance of this has already been noted in the numerical study of Ref. [32] ) while in most cases it remains larger than 0.7 showing that the formation of a stationary black hole or neutron star is possible only if J/M 2 is decreased efficiently in the final dynamical phases of coalescence. Fig. 7 (dots). The spinless case (dashed line) is for comparison. Fig. 9 . Plots of f =L N ·ŝ 1 (a), g =L N ·ŝ 2 (b), h =ŝ 1 ·ŝ 2 (c), V =L N ·ŝ 1 ×ŝ 2 (d) against separation ρ, when ρ 0 = 250; f 0 = g 0 = h 0 = 0; V 0 = −1; χ 1 = 10 −3 , χ 2 = 1 and m 1 = m 2 . Solid lines show the analytical solutions, dots show the numerical solutions to equations (11)- (14) . Fig. 10 . Behavior of cJ/(GM 2 ) corresponding to the precession case of Fig. 9 (dots). The spinning and the spinless cases are almost indistinguishable. 
